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1 Introduction 



1.1 



Understanding the behavior of solutions of partial differential equations near an isolated 
singularity is of basic importance in the study of partial differential equations. A classical 
theorem of Bocher (see e.g. [2]) states that a positive harmonic function uin a. punctured 
ball Bi \ {0} in K" must be of the form 



where a is a nonnegative constant and /i is a harmonic function in the ball Bi. 

For nonlinear partial differential equations or systems, it might be difficult to give 
as complete a description of the behavior of solutions near an isolated singularity. On 
the other hand, some studies only require certain partial information on the behavior of 
solutions near an isolated singularity. Part of this paper, e.g. Theorem 1.1 and Theorem 
1.3, address some issues which arise naturally in applications of the method of moving 
planes. 

Let F e C^(Q X M X X ^S"^"), where ^S"^" denotes the set oi n x n real symmetric 
matrices and is a domain (bounded connected open set) in the n— dimensional Euclidean 
space M". Without loss of generality we assume that Q contains the origin 0. Throughout 
the paper we use Br{x) to denote a ball of radius r and centered at x, and use Br to 
denote Br{Q). 

We assume that F{x,v, Vv, V^v) is an elliptic, but not necessarily uniformly elliptic, 
operator: 



In our first theorem, the function u € C'^{Q \ {0}) has the following property for some 
f > 0: 

For any V e R^, w(x) :— u(x) + V-x satisfies inf w — minw V < r < f. (2) 

Sr\{0} dBr 

In dimension n > 2, a supcrharmonic function u G C^{B^ \ {0}) satisfying 'miB^\{Q}U > 
—oo has the above property. On the other hand, the function 






•nxn 



(1) 




(3) 
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a harmonic function in (—3, 3) \ {0}, does not satisfy condition (2) for any f > 0. To see 
this, simply take w{x) = u{x) + x. We start with a result related to the strong maximum 
principle. 

Theorem 1.1 For n > 1, let Q be a domain in M" containing the origin {0}, and let 
F e C^(Q X R X X «S"><") satisfy (1). Assume that u e €"^{^1 \ {0}) satisfies (2) for 
some f >Q, V e C^(Q); 

u> V in Q, \ {0}, 
F{x, u, Vu, > F{x, V, Vv, W\) m Q \ {0}. 



Then 



liminf('u - v){x) > 0. (4) 



Remark 1.1 In dimension n > 2, condition (2) in the above theorem can he replaced by 
aij{x)dijU < C in Bf\ {0} for some f > 0, where {aij{x)) is some positive definite matrix 
functions which is continuous in Br if n > 3 and Holder continuous in Br if n = 2, and 
C is some constant. Indeed, ifC — 0, then u satisfies (2); if C ^ 0, we may reduce it to 
the C = case by working with — A|a;p and v{x) — Alx]"^ , for some large constant A, 
instead of u and v, and working with the new F . On the other hand, it is not the case for 
n = 1. This can be seen by taking F{x, u, Vu, V^u) = —u", v{x) = 1 — x and u as in (3). 

Remark 1.2 If the assumption % > v in Q,\ {0}" in the above theorem is replaced by 
"u > V in Q \ {0} then, in view of the strong maximum principle, either u = v m \ {0} 
or (4) holds. 

Theorem 1.1 is related to the following: Consider a viscosity supersolution it of a fully 
nonlinear elliptic equation outside a singular point {0} (or a singular set S). Under what 
condition is u also a supersolution across {0} (or across S")? We plan to address this issue 
in subsequent papers. 

Condition (2) is related to the following 

Definition 1.1 A function u G C^{Vt) is called superaffine in a domain Vt if in any 
subdomain D (u+ any linear function) achieves its minimum in D on dD. 

This notion was also introduced by Harvey and Lawson in [11] at the same time. For 
a -u G C^(i7), u is superaffine in Vt if and only if the lowest eigenvalue Ai(V^'u) of the 
Hessian of m is < in — as is easily seen (see the proof of Proposition 1.1 below). 
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Throughout this paper we always order the eigenvalues of the Hessian of a function 
u by 

XiiV^u) < X2{V\) <■■■< Xn{V\). 

Existence and uniqueness of continuous solutions to general degenerate equations, 
including 

Ap(V'li) + • • • + Xp+qiV'u) = 

for fixed p and q as examples, have been obtained in [11]. 

Condition (2) is slightly stronger than u being superaffinc in Q \ {0}, for example it 
is not satisfied by < a < 1, which is superaffine in O \ {0}. However the following 
holds. 

Lemma 1.1 For n>2, let u e C^{Bi \ {0}) satisfy 

Ai(V'm) +A2(V'm) < 0, tnB,\{Q}, (5) 

and 

inf u > — oo. (6) 

Bi\{0} 

Then condition (2), with f — 1, holds. 

Remark 1.3 In Lemma 1.1, condition (5) cannot be replaced by the following weaker 
condition: For some < a < 1, 

Ai(V^ii) + aX2{V'^u) < 0, in Bi \ {0}. (7) 

Indeed, the function u{x) = |a;|^~" satisfies (7) (with the equality). 

Note that 

Xi{V\)+aX2{V\) < ^(Ai(VM + A2(VM), 
for < a < 1. So (7) is weaker than (5). 

Remcirk 1.4 The assumption (6) in Lemma 1.1 cannot be removed, as can be seen by 
taking 

( \ - \ 1^1' ^ = 2, 

- \ _|a;|2-n^ ^ > 3_ 
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Theorem 1.1 would not hold if condition (2) were dropped. Here are some examples. 

Example 1. Forn > 1, / = 2,3,4, let a = Clearly a e (0, 1) and 21 = f^. For 

u{x) := \x\°' and v = 0, we have u > v in Bi \ {0} and 

F{Wu, V^ti) := -Au +{n + a- 2))a^\Vu\'^^ = = F{Wv, in Bi \ {0}. 

But 

\im(u-v){x)^0. (8) 

\x\^0 

Example 2. Forn = 2, < a < 1, e = 1 - e (0, 1), let 

= -(1 - e)-p-, 62(3;) = (1 - e)|-j, aij{x) = 6ij -bi{x)bj{x). 

Consider u{x) :— v = 0, we have u > v in Bi \ {0} and 

F{x,'V'^u) :— —aij{x)uij{x) — —a\x\°'~'^aij{x) j % — (2 — a) 



= -{a-{l-e)^)a\x\''-'^ ^O^F(x,V\) in Si \ {0}. 

But (8) holds. 

Example 3. For n > 2, < a < 1, e = (1 - a)/(n - 1) e (0, 1), let 0{x) be an n x n 
orthogonal matrix functions in L°°[Bi \ {0}) such that 

0{x),j^ = Su V X e Si \ {0}. 

Let ail — an — e for 2 < i < n, and = for i 7^ j. Define 

aij{x) := 0{x)iiaimO{x)mj- 
Consider u{x) :— \x\", v = 0, we have u > v in Bi \ {0} and 

F(x, V'^u) := -aij(x)uij(x) = -Q;|x|""^ay (x) ^5^^ - (2 - 

= (1 + (n - l)e - (2 - a)) = = F(a;, V^t;). 

But (8) holds. 

In Theorem 1.1, the singular set of it is a point. Our next theorem allows the singular 
set to be a closed submanifold E of dimension k < n — 2. A submanifold is called a closed 
submanifold if it is a compact manifold without boundary. 
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Theorem 1.2 Forn > 2, let F satisfy (1), and let E G Q be a smooth closed submanifold 
of dimension k, < k < n — 2. Assume that u G C^(f2 \ E) and v G C'^{VL) satisfy 

Ai(V\) + • • • + Afc+2(V\) < 0, inn\E, (9) 

u > V in D,\E, 
F{x,u,Vu,V\) > F{x,v,Vv,V\) tnQ\E. (10) 

Then 

liminf {u — v){x)>Q. (11) 

dist{x,E)-^0 



Remctrk 1.5 In the above theorem, condition (9) is only needed to he satisfied, for some 
f > 0, in Er\E, Er — {x \ dist{x, E) < f}, since we can apply the theorem with Q = E^. 

Similar to Remark 1.2, we have 

Remark 1.6 // the assumption "u > v in Q\ E" in the above theorem is replaced by 
"u>v in fl\ E", then, either u = v in fl\E or (11) holds. 

Our proof of Theorem 1.2 makes use of the foUowing maximum principle for functions 
satisfying (9). 

Proposition 1.1 For n > 2, —l<k<n — 2, let E be a smooth closed k— dimensional 
manifold in and Q GR"' be a domain. Assume that u G C'^{Q.\E)r\C^{Q,\E) satisfies 
(9) and 

inf u > — oo. 

n\E 

Then 

u > inf u, on \ E. 

dQ\E 



Note that in the above, when k = —1, E is understood as 0, the empty set; while for 
k — 0, E consists of finitely many points. 

Lemma 1.1 is a special case of Proposition 1.1, by taking k = 0, n > 2, Q — Bi and 
E = {0}. 

We introduce, for /c = 1, 2, ■ ■ ■ , n, the notion of viscosity /c— superaffine functions which 
extends that of superharmonic functions and superaffine functions. 
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We use LSC{Q) to denote the set of lower semi- continuous functions in Q, i.e. the set 
of those maps m : — > M U {— C)o} satisfying 

limmiulx) > u(x), V x G O. 

Similarly, we use USC{D,) to denote the set of upper semi-continuous functions in i.e. 
the set of those maps : Q — > M U {00} satisfying 

limsupM(a;) < u{x), V x e il. 

x^x 

Definition 1.2 Let Q C &e an open set, and let u e LSC{Q) satisfy 

vcdu > -00. (12) 

For 1 < k < n, we say that u is a viscosity k—superaffine function in fl if: 
(f e C^(Jl), (fi < u, in Jl, and (fi{x) — u{x), for some x & 

imply 

Ai(VV) + A2(VV) + • • • + Afe(VV) < 0, at x. 
We say that u is a k—subaffine function in fl if —u is a k—superaffine function in Jl. 

We use Ak{^) to denote the set of viscosity /c— superaffine functions in fl. 

Clearly, An{^) is the set of superharmonic functions in fl, Ai{fl) is the set of super- 
affine functions in fl, and 

In Appendix A, we include some results on viscosity A;— superaffine functions, including 
an extension of Proposition 1.1 for viscosity A;— superaffine functions. 

Theorem 1.2 in the case k — n — 2 can be extended as follows. 

Theorem 1.3 For n > 2, let F satisfy (1), and let E (Z be a closed subset of zero 
(Newtonian) capacity. Assume that u e LSC{D, \ E) and v e C^(Q) satisfy, for some 
constant C, 

Au<C inn\E, (13) 
u> V inQ\E, (14) 

and 

F{x, -u, Vm, V^m) > F{x, V, Vv, V^v) in fl\E in the viscosity sense. (15) 
Then (11) holds. 



Remark 1.7 Theorem 1.3 gives complete answers to Question 1.1, 1.2 and 1.3 in [14]. 
Remcirk 1.8 In the above theorem, (14) can be replaced by 

u> V in fl\E, and u is not identically equal to v in fl\E, 
and (13) can be replaced by 

aij{x)dijU + bi{x)diU + c{x)u < C, in fl\E, in viscosity sense (16) 

where {aij{x)) is some Holder continuous positive definite matrix functions in D,, bi{x) 
and c{x) are continuous functions in fl, and C is some constant; see [6]. 

Open Problem 1.1 Extend Proposition 1.1 and Theorem 1.2 for 1 < k < n — 2 to more 
general E. 

1.2 

As an application of Theorem 1.1, we establish some results on symmetry of positive 
solutions in a punctured ball using the method of moving planes. 

For p = (pi, • • • e and M = (Mij) e S'''''', we use, in (18) below, notation 

p:= {-puP2,---,Pn), M := (Mij) 

with Mij = -Mij for 2 < j < n; Mn = -Mn for 2 < i < n; Mu = Mn; = for 
2 < i, j < n. 

Theorem 1.4 For n>l, letF e C^(Bi \ {0} x M x x 5"^") satisfy 
( dF 



dMij 



{x,s,p,M)]>0 V(x,s,p,M) eSi\{0}xMxM"x5"^", (17) 



(the reader is warned that —F satisfies (1)). For all x e Bi, < xi < 1, — 1 < xi < xi, 
xi + xi>0, peW", M e 5"^", 

F{xi,X2, ■ ■ ■,Xn, S,p, M) > F{xi,X2, ■ ■ ■ , Xn, S,p,M). (18) 

Assume that u e C^{Bi \ {0}) satisfies (2) for some f > 0, 

F(x, Vw, V^ii) = 0, u>Q, mSi\{0} (19) 
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and 

M = on dBi. 

Then 



^ix) < V a; e El, < < 1. (20) 



The theorem is proved in section 4. An immediate consequence is 

Corollary 1.1 // in addition, F is symmetric under reflection in the plane {xi = 0}, 
then u is symmetric in x^. 

Another consequence, after applying the theorem in every direction, is 

Corollary 1.2 For n>l, let M) satisfy (1), and for some e > 0, 

d 

TrFir, s,p,M)>0 V < r < 1 + e, s > 0,p e R", M e 5'*'^'', 
or 

and 

F{r,s,Op,O^MO) = F{r,s,p,M), V < r < 1 + e, s > 0,p e M", M e 5"^", O e 0{n), 
and let u e C^{Bi \ {0}) satisfy (2) for some f > 0, 

F{\x\,u,Vu,V^u) = 0, u>0, tnBi\{0} 

and 

u — on dBi. 

Then u is radially symmetric about the origin and u'{r) < for < r < 1. 

Condition (2) cannot be dropped in Corollary 1.2, as shown by the following examples. 

Example 1.1 Let u G C^{[-1,1] \ {0}) be defined by u{x) ^ 1 + x if -1 < x < 0, 
u{x) = l- ^ifQ<x<l. Then, 

u"^0,u>0 m(-l,l)\{0}. 



but u is not symmetric about the origin. This shows that condition (2) cannot be dropped 
in Corollary 1.2 in dimension n — 1. 

Here is another example in dimension n = 1. 
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Example 1.2 Let 

u{x) = sin(7r|a;|), < |a;| < 1. 

Then 

u" + TT^-u = 0, u> 0, in (-1, 1) \ {0}, 
hut u is not monotone in (0, 1). 

In a lecture about this paper in November 2008, the last author said that for n > 1 
he did not know if the condition (2) could be dropped. In particular, he asked if one had 
spherical symmetry and monotonicity for a solution of 

= 0, u>0, Bi\ {0}, 
= 0, dB^, 

f locally Lipschitz — with no further assumption. Immediately after the talk, Susanna 
Terracini said she could prove it and she showed him the proof. It made use of an idea 
she had used in [18] which treats equations with singular potential in all of space. Her 
proof uses a nice variant of the argument of [1] and works also if / is permited to depend 
also on X, f = f{x,u), satisfying (18). 

In a later paper [6], we will make use of her variant to prove symmetry and mono- 
tonicity in problems of the form (19), but under other conditions on F. 

Recently we found an example for dimension n > 2 showing that condition (2) may 
not be dropped; Consider 

n 
i=l 

where {Ai(M)} denotes eigenvalues of M and 




A^+(V^m), a Pucci extremal operator, is uniformly elliptic and is concave and Lipschitz 
in V^M. See e.g. section 2.2 of [3] for the Pucci extremal operators and their properties. 

In the following we will consider radially symmetric functions u{x), and we will slightly 
abuse notations by writing u{x) = u{r), r = \x\. 



For < q; < 1, let 

u(r) = { ^ _^,,_„^ ^ fi=f^|±^. r > 1. 



- f < r < 1, 
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A calculation gives 



u'{r) _ j ar" ^ - a, < r < 1, 

^ = 1 -^(1-r-"), r>l, 



and 

_ f -a(l - a)r"-2 - a, < r < 1, 

~ I (1 + (n - l)r-") , r>l. 

The function u is in C^'^(0, oo) and satisfies, for some f > 1, 



u"{r) 



M > in (0,r), m(0) = u{r) = 0. 
The eigenvalues of the Hessian V^u are 

XiiV'u) = u"{r), X^iV'u) = • • • = A„(V2k) = 

r 

Since u" < in (0, oo), while m' > in (0, 1) and m' < in (1, oo), we have 

M^{V\){x) = ^Ai(V2m) + V = ^M"(r) + (n - 1)^ 

1 — a ~^ 1 — a r 

= -'"-^>°'^-")" o<N<i, 

1 — a 

and 

1 — a ~^ 1 — a \ r 

{n - l)a{2 - a) 



1 — a 



\x\ > 1. 



Example 1.3 For n > 2, < a < 1, let u and he as above. Then u e C^'^(i?f=(0) \ 
{0}) satisfies 

A1+ V^ii = in Br{0) \ {0}, 

1 — a 

and 

u>0 m Br{0) \ {0}, u = on 83^(0). 
But u'{r) changes signs in (0, f). 
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1.3 More general equations 

Wc extend Theorem 1.2 to more general operators which are motivated by conformally 
invariant operators. An operator F{-,u, Vu, V^u) is conformally invariant if 

F{-, u^, Vu^, V'^u^) = F{-, u, Vu, oip on 

for all Mobius transformation and all positive functions u G C^(R"), where := 
\Ji)\'^{u o ip) and denotes the Jacobian of ip. It was proved in [12], see Theorem 1.2 
there, that conformally invariant operators are all of the form f{\{A^)), where /(A) is a 
symmetric function of A = (Ai, • • • , A„), and \{A^) denotes the eigenvalues of the nx n 
symmetric matrix function 

2n 2 2rL 

A" := -u "-2V^M + 7 — "-2VM(g)VM-7 — "-2 Vtir/, (21) 

n — 2 [n — 2Y [n — 2Y 

and / is the n x n identity matrix. After setting 



2 

W — U "-2 , 



we have 



Vw 



2 



^« = A, := wV'w - '—-^I 



which has been called in some literature the conformal Hessian of w. The ellipticity of 

df 

f{\{A^)) amounts to -— - > 0, 1 < i < n, in the relevant region. 

oXi 

If F{x^ u, Vm, V^m) is a conformally invariant second order elliptic operator, (4) was 
proved in [14] if u satisfies, instead of (2), a stronger assumption Am < in i?3 \ {0}; see 
Theorem 1.6 there. As explained in the introduction of [13], the general Liouville theorem 
for conformally invariant elliptic operators of second order established there (Theorem 
1.3 in the paper) would have followed from the proof of Theorem 1.4 in [12] if the above 
mentioned theorem in [14] had been known at the time. The proof of this theorem in [14] 
makes use of ideas in the proof of the Liouville theorem in [13]. Given (4) for conformally 
invariant elliptic operators, one can also adapt the moving planes procedure in [9] and 
[4] to show that all solutions are radially symmetric about some point, and then classify 
radially symmetric entire solutions. 

In [14], (4) was also established for some special classes of F{x,u,'Vu,'V'^u) which 
include FCVu, V^m), again for superharmonic u; see Theorem 1.7 and Corollary 1.6 in [14]. 
Our proof of Theorem 1.1, very different from the arguments in [14], is also extended to 
the situations where the singular set {0} is replaced by a closed submanifold of dimension 
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k < n — 2 (see Theorem 1.2). Our proof of Theorem 1.3, different from that of Theorem 
1.1 and the arguments in [14], makes use of the Alexandrov-Bakelman-Pucci estimate; see 
e.g. section 3 of [3] and section 9.1 of [10] for the ABP estimate. 
Here we consider 

A"" :^ -W\ + L{-,u,Wu) (22) 

where L satisfies 

L e Cf„](M" X R X R"). (23) 

One example of such L is, 

~ , , n 1 , ,o 

L(-, u, Vm) = 7 ® Vm - 7 —\VurI. 

[n — 2)u [n — 2)u 



With this L, A" takes the form 



T« n — 2 n+2 

^" = w^-^A"", (24) 



where A" is the conformally invariant one given in (21). 

Fully nonlinear elliptic equations of second order with the Hessian V^u in appropriate 
regions of S'"^'" have been investigated in the classical paper [7] and many subsequent 
ones. 

Let U C 5"^^" be an open set, we assume that 

M + N eU, y M eU,N e 5!^^". (25) 
For example, for 1 < k < n, let 

l<ii<---<jf;<n 

be the k—th elementary symmetric function and let be the connected component of 
{A e M** I crfc(A) > 0} containing the positive cone F„. Then 

Uk := {M e 5"^" I A(M) e Fk} (26) 

satisfies (25) — see e.g. [7]. 

Theorem 1.5 For n > 2, let Q be a domain in R" containing the origin {0}, U be 
an open subset of S^^^^^ satisfying (25), and let A^ satisfy (22) and (23). Assume that 
u eC^{Q\ {0}) satisfies (2) for some r > 0, v e C^{Q), 

A"" eU mn\ {0}, 
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Then 



u > V in fl \ {0}. 
liminf(ii — v){x) > 0. 

\x\-^0 



(27) 
(28) 



Question 1.1 Does (28) still hold if (27) in Theorem 1.5 is replaced by a weaker assump- 
tion 

u>v inn\{d}, and liminf {u - v){x) > ^1 (29) 



For an open subset U of jS"^", we introduce, for 1 < A; < n — 1, 
Property Pk'. Given any constant C > 0, there exist some constants 6 = S{C) > 0, e = 
e(C) > such that for any < e < e, and N e «S"^", M eU,M <CI, Xi{N) = -S,l < 
i < k, Xj{N) ^l,k + l <j <nwe have M + eN e U. 

Remark 1.9 Property Pk is satisfied by an open convex subset U of S"'^'^ if it further 
satisfies one of the following: 

(i) dU n {M I M < CI} is compact for any constant C , and, for any M e dU , there 
exists a constant a > such that M + N ^ U if eigenvalues of N consist of k zeros and 
n — k a s. 

(a) M E U implies aM e U for any positive constant a, and N with k zeros and {n — k) 
ones as eigenvalues belongs to U . 

(Hi) U — Ui, as in (26), for some 1 < I < n — k. 

See the end of section 6 for an explanation of the above remark. 

In Theorem 1.5, the singular set is a point {0}. The following theorem allows singular 
sets to be submanifolds of dimension k, 1 < k < n — 2. 

Theorem 1.6 Forn > 2, let Q CR"^ be a domain, E G fl be a smooth closed submanifold 
of dimension k,l<k<n — 2,Ubean open subset of S"'^^ satisfying (25) and Property 
Pk, and letA'' satisfy (22) and (23). Assume thatu G C'^{yL\E) satisfies (9), v G C^i^), 
and for some f > 0, 

A"" eU inn\E, (30) 
A" e 5"^" \U inn, (31) 
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u>v inn\E. (32) 

Then 

liminf {u — v){x)>0. (33) 



Similar to Question 1.1, we have 

Question 1.2 Does (33) still hold if (32) in Theorem 1.6 is replaced by a weaker assump- 
tion 

u> V in Q, \ E, and liminf (u — v)(x) > 0? 

dist{x,dn)^0^ 

We suspect that the answers to Question 1.1 and 1.2 are "No", and some structure 
assumptions on L are needed in order to have an affirmative answer. These issues will be 
addressed in a subsequent paper [5]. 

If A"" is the conformally invariant one given by (24), and if condition (2) is replaced 
by a stronger assumption "Am < in Bf \ {0} for some f > 0", then the answer to 
Question 1.1 is "Yes", as proved in [15]. The assumption (29) is indeed weaker than (27) 
since the strong maximum principle might not hold — indeed, as shown in [17], both the 
strong maximum principle and the Hopf Lemma fail for U = Uk- 2 < k < n: there exist 
Ui e C°°{Bi) such that Ui and U2 = 1 satisfy < Ui < U2 in Bi \ {xi — 0}, Ui — U2 on 
{xi = 0}, A""' e dUk for i = 1,2, but 9^i(mi - M2)(0) = 0. 

The above mentioned result in [15] was established under a weaker C^'^ regularity 
assumption on u and v. The regularity assumption was further weakened in [16] to locally 
Lipschitz viscosity solutions of (30) and (31), which is crucial in the proof there of the 
local gradient estimates to general conformally invariant second order elliptic equations 
without concavity assumptions on the equations. 

The proofs of the above mentioned results in [15] and [16], as well as that of the 
previously mentioned results in [14] for conformally invariant elliptic operators, make use 
of the following 

Lemma A ([13]) For n>2, B^C R", let u e Llci^i \ {0}) satisfy 

liminf ^(a;) = 0, 

Au<0 inBi\ {0} 
in the distribution sense. Let P denote the set of vectors p in R"^ satisfying 

u{x) > p ■ X + o{\x\) mBi\{0}. (34) 
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Then P contains at most one element. 

In the above, Am < can be replaced by Am < C for some constant C — since we 
can work with u{x) — instead of u. 

In Appendix F we give an improvement of the above lemma, see Lemma 12.3 there, 
which is used in the proof of Theorem 1.3 (see the proof of Lemma 3.1). We also mention 
an extension of the lemma for functions satisfying (2) instead of superharmonic functions 
in the punctured ball. It is not used in this paper. 

Lemma 1.2 Let u he defined in Bi \ {0} in M", n>2, with 



Suppose that u satisfies (2) with r = 1. Let P denote the set of vectors p in satisfying 
(34)- Then there are at most n vectors Po, - ■ ■ ,Pn-i in P such that 



1. e. the convex hull of all the vectors in P is at most (n — 1) dimension. 

Remark 1.10 Condition (35) is equivalent to: for any i < n — 1, {pj — Pi | < j < 
n — 1, j 7^ i} are linearly independent. 

The paper is organized as follows. Theorem 1.1 and Theorem 1.2 are proved in section 

2, Theorem 1.3 is proved in section 3, Theorem 1.4 is proved in section 4, Theorem 1.5 is 
proved in section 5, and Theorem 1.6 is proved in section 6 — the proof is technical and it 
is suggested to omit this section on a first reading. Appendix A contains some properties 
of distance functions. Appendix B contains some linear algebra lemmas. Proposition 1.1 
and an extension of it. Theorem 10.1, are proved in Appendix C and Appendix D, Lemma 
1.2 is proved in Appendix E. Appendix F contains some improvement of Lemma A. 



2 Proof of Theorem 1.1 and Theorem 1.2 
2.1 

Proof of Theorem 1.1. We prove it by contradiction. Suppose the contrary, then 



liminf nix) — 0. 



Pi ~ Po," ' -iPn-i — Po o-f^ linearly independent., 



(35) 



lim inf in — v) ix) — 0. 

I— >o 



(36) 



Let 



Ve{x) := v{x) + e\x 
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Lemma 2.1 For any e > 0, there exists < < 1 such that inf (m — v^) <Q for all 
< r < f^. 

Proof. By condition (2) and (36), 

inf [u{x) - {v{0) + V^;(0) • x)] - inf [«(^) - (^(0) + V^;(0) • x)] 

xeaBr Br\{0} 

< liminf ['u(x) - {v{0) + Wv{0) ■ x)] = 0. 

Thus 

inf (li - V,) < inf [u{x) - {v{0) + Vv(0) • x)] + sup [(v(0) + Vv(0) • x) - v{x) - e\x\] 

dBr xedBr xedBr 

< ^(sup||V^v||)r^ - er. 

2 Bi 

Lemma 2.1 follows. 
By Lemma 2.1, 

Since 



A(e) := - inf (u - v,) > 0. 



liminf(M — v^){x) — liminf(ii — v){x) — 0, 
there exists G i?3 \ {0} such that 

u-v,>0 in B3\{0}, {u- Q (x^) = 0, (37) 

where 

Ve{x) :— Ve{x) — A(e) = v{x) + e\x\ — A(e). 
Using the positivity of u — v in ,83 \ {0}, we obtain from the above that 

A(e) = —{u — v^){x^) — v{x^) — u{x^) + e\x^\ < e\x^\, (38) 

and 

e-»0 



lim \xJ — 0. 



We will show, for small e > 0, that 

F{Xe, V{X,), Vv{Xe), VM^e)) > F{x„ Ve{Xe), VVe{Xe), V%{Xe)). (39) 
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This would lead to a contradiction. Indeed this would imply, together with (10), that 

F{-, u, Vu, V''u){x,) > F{-, V„ VVe, V\){Xe). 

We deduce from (37) that Vu{xe) = Vve{xe), {^^U'{xe)) > (V^Veixe)), and, using the 
ellipticity assumption (1), 

F{;U,WU,W^U){X,) < F{;V„Wv„W%){Xe). 

A contradiction. 

Now we prove (39) for small e. By (38), 

\ve-v\ + \V{v,-v)\ = 0{e), (40) 

and therefore 

F{-,v,Vv,V^v){x,) = F{-,v, + 0{e),Vv, + 0{e),V\){x,) 

> F{;v,,S/v,,S/\)ix,)-Ce, (41) 

where C is independent of e. 
By the mean value theorem, 

F(-, v„ Vv„ V^v){x,) - F{-, v„ Vv„ V%){x,) 

= / Fij{Xe, Ve{Xe), VVe{Xe), VM^e) + t[V%{Xe) - V^v{Xe)])dt{dijv{Xe) - dijVe{Xe)). 

Jo 

Consider the compact set 

S := {{x,s,p,M) I \x\ < 1, \\{s,p,M) - {v{x),Vv{x),V\{x))\\ < 1}. 
By the ellipticity assumption (1), there exists some constant 6 > such that 

/ dF 



> hi on S, 



where I is the n x n identity matrix. 

A calculation gives, for some 0{x) e 0{n), 



V%{x) - V\{x) = eVWx\) = eO{xY (^diag{0, ■ ■ , ^) j 0{x). 



(42) 
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Define 



1, if\\v^v,ix,)-vMxe)\\ <i/Vs, 

l/{V3\\V%{x,) - VMxe)\\), if \\V%{x,) - VM^e)\\ > l/\/3. 



In view of (40) and the definition of te, 

{x„ Ve{xe), Vv,{x,), V^v{x,) + t[V%{x,) - V^^;(a;,)]) e S, V < i < i,. 
It follows that 

V,, Vv,, V''v){x,) - V,, Vv,, V%){x,) 

> f ' Fij{x„ v,{x,), Vv,{x,), V'v(x,) + t[VH,{x,) - V''v{x,)])dt{dijv{x,) - dijv,{x,)) 



n 

> bi, Y^i^iM^e) - diiV{Xe)) > bte\\V%{x,) - ^M^e)]] 

i=l 

> bmm{\\V%{x,) - V^v{xe)\\, l/Vs} > 6min{^, l/Vs}. 

Since \xe\ — > 0, estimate (39) follows from (41) and the above. Theorem 1.1 is established. 

2.2 

Before proving Theorem 1.2 we first take up a simpler case: 

Proof of Theorem 1.2 for k= n-2. Shrinking Q slightly, we may assume that u > v 
on 0, \ E, u e C^(Q \ E), and v e C^(Q). We prove it by contradiction. Suppose the 
contrary, then for some x & E, 

liminf {u - v){x) = 0. (43) 

x&Q\E,x—fX 

Without loss of generality, a; = 0. 
^o'^ ^1 •= ^supt2(-At;). 

A{u - V - Cilx]"^) < 0, xen\E. 

Since Cap{E), the capacity of E, is equal to and u — v — Ci\x\'^ is bounded from below 
on Q \ 

A(m — V — Ci|a;|^) < 0, in O in the distribution sense. 
It follows, in view of (43), that 

/ (M-'y-CilxP) < 0, 0<r<l. (44) 

JdBriO) 
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Consider, for < e < 1, 

t'c(x) := v{x) + ed{x), (45) 

where d{x) := dist{x, E) denotes the distance function from x to E. 

Then, using (44), there exists some constants f, Ci,C2 > 0, depending only on n and 
E, such that 

/ {u-Ve) ^ [ {u-v-Ci\x\'^)- f {ed{x) - Ci\x\^) 

JdBriO) JdBriO) JdBr{0) 

< - [ (eci(a;) -Cil^n < -cier" + C2Cir"+\ V < r < f. 

JdBr{0) 

It follows, for small e > 0, that 

Xie):=-M{u-v,)>0. (46) 

Since Ve — von E, and u — v > on fl \ E , we have, for small e > 0, 

u — V. > on dfl, liminf (u — v.)(x) > 0. 

xen\E,d{x)-^o 

Therefore, there exists E Q\E such that 

u-v,> in fl\E, {u-v,){x,) ^0, (47) 

where 

Ve(x) := Ve{x) - A(e) = v{x) + ed(x) - A(e). (48) 
Using the positivity oi u — v in Q \ E , we obtain from the above that 

A(e) = —{u — Ve){Xe) = v{xe) — u{xe) + ed{xe) < ed{xe), (49) 

and 

\imd(Xf) — 0. 

We will establish (39), with our new t;^ and x^, for small e > 0. This would lead to a 
contradiction as shown in the proof of Theorem 1.1. 

Now wc prove (39) for small e > 0. By (49), we still have (40) and (41). 
By the result in Appendix A, 

V^'ye(x) - W'^v{x) 

= eO{xY ^diag(0, • • • , 0, • ■ ■ , ^) + 0(1) j 0{x), (50) 
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where 0{x) are orthogonal matrices, and there are k + 1 zeros in the diagonal matrix. 

Using (50) instead of (42), and using d{x^) — > instead of \Xf_\ — > 0, we establish (39) 
the same way as in the proof of Theorem 1.1. Theorem 1.2 ior k — n — 2 is established. 

Finally wc give the 

Proof of Theorem 1.2. Shrinking Q slightly, we may assume that u > v on fl \ E, 
u e C^(f2 \ £■), and v e C^(f2). We prove the theorem by contradiction. Suppose the 
contrary, then (43) holds for some x E E. We may assume x — e E, and the tangent 
space of at is spanned by e„_fc+i, ■ ■ ■ , e„, where ei = (1, 0, ■ ■ ■ , 0), • ■ ■ , = (0, ■ • ■ , 0, 1) 
arc the standard basis of M"". We write x = {x',x"), where x' — {xi, ■ ■ ■ ,Xn-k) and 

For X close to 0, we have, for some constant C, 

^\x'\ - C|x'f < \x'\ - C\x\'^ < d{x) = dist{x, E) < \x'\ + C\x\ < ^\x'\ + C|x'f . (51) 

For example, this follows easily from (70). 
Let be defined as in (45). We have 

Lemma 2.2 For small e > 0, (46) holds. 

Proof of Lemma 2.2. We prove it by contradiction. Suppose not, then, for some 
f,e,C> 0, 

u{x) > Ve{x) = ed{x)+v{x) > v{0) + Vv{0) ■ x + ^\x'\ -C\x"f, xeBr\E. 
For < a < min{f, e/4} which will be chosen later, let 

hix) := t;(0) + Vt;(0) ■ x + — bf - (C + l)b'f + — . 

4a 2 

On 9S„(0) \ E, 

— — 2 

uix) > ^;(0) + V^;(0)-x + ;^|xf -Cb'f = /i(x) + -^bf + >/i(x). 

2a 4a 2 

By Lemma 8.2 in Appendix B and the assumption (9), there exists some positive 
constant a > such that if we further require < a < a, we have 

k-\-2 k+2 

^Xi{W'{u-h))<Y,H^'u)<0. 

i=l i=l 
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Indeed, the first inequality follows from Lemma 8.2 by taking I = k + 2, M = ^^V^m, 

D = diag{l, ■ ■ ■ , 1, — 5i, ■ ■ ■ , — 5fc), and Si = ■ ■ ■ = dk = M£±i) ; while the second inequality 
is (9). Thus, in view of Proposition 1.1, 



and therefore 



u — h > inf (u — h) > 0, 

dBa{0)\E^ 



liminf > h{0) = v{0) + ^ > ^;(0), 



violating (43). Lemma 2.2 is established. 

Given Lemma 2.2, we have, as in the proof of Theorem 1.2 ior k — n — 2, (47) for 
some e Q \ where is given in (48). The rest of the proof is the same as those in 
the proof of Theorem 1.2 for k — n — 2. Theorem 1.2 is established. 

□ 



3 Proof of Theorem 1.3 

Proof of Theorem 1.3. 

By (13) and Lemma 12.1, 

A{u - ti) < C - Af < C3 := C - niin Av < 00, in Q. (52) 

a, 

We take u the canonical representative in fl, i.e. 

u(x) = lim -j- u, x e Jl, 

r^0+ J Br{x) 

see Appendix F. 

We prove the theorem by contradiction. Suppose the contrary, we have, after a possible 
translation, & E, and 

lim inf (u — v)(x) = 0. 

Shrinking Q slightly, we may assume without loss of generality that v e C^(Q) and, for 
some constants 61,62 > 0, that 

{u — v){x) > 61, X E Q, dist{x, dn) < 62. (53) 
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For e e (0, 5i), let, for d = diamiVL), 

to xeS2d(0)\n, 

and 

r^^(x) := sup{a + 6- x|aeM, 6eM", a + 6- 2;< ^^(-z) V 2; e -62^(0)} 

be the convex envelope of on 52^(0). 

Since F-u,^ = outside {x &VL \ dist{x, dQ) > 82}, and minB^^^o) ^ ^^{0) — —e < 0, 
the contact set of We and T^^ satisfies 

{x e S2d(0) I Weix) = r^^ix)} G{xeQ\ dist{x, dft) > 52} C BdiO). (54) 

Lemma 3.1 There exist some positive constants K and 5 such that for any point x € 
{x G -B2d(0) I We{x) = F^^(a;)}, there exists p G K" so that 

^wei^) ^ ^wei^) +P ■ {x — x) + K\x — x\'^, \/ \x — x\ < 5. (55) 

Proof. By (53) and (54), x G O, dist{x,dO,) > 82, and 

u{x) — v{x) — e — w^{x) — F^^(x) < 0, and u — v — €>w^> F^^ in Q. 

By (52) and Lemma A in the introduction, F^,^ has a unique supporting plane at 
{x, Tyj^lx)). So VF^^(x), as the slope of the supporting plane, is well defined. Let y be a 
point near x and let g G K" be the slope of a supporting plane of F^^ at (y, Ftu^(y)), then, 
for all 2; in Q, 

{u - v){z) >{u- v){x) + VF^Jx) • {z - x), 

and 

{u-v){z) > € + T^Xy)+q-{z-y)>e + T^X^) + ^'i^w,{x)-{y-x)+q-{z-y) 
= {u- v){x) + VF^^(x) ■ {y - x) + q ■ {z - y). 

Thus, by Lemma 12.3 and in view of (52), 

|g- VF^,(x)| <C4C3|y| 

for some dimensional constant C4. This implies (55). 

□ 
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With Lemma 3.1, we can apply Lemma 3.5 of [3] to obtain that F^^. G Clj^.{B2d{0))- 
Note that in the statement of Lemma 3.5 of [3], the function is assumed to be continu- 
ous, but the proof there apphes to LSC functions, as in our case. By the Alexandrove- 
Bakelman-Pucci estimate, 

e"=|infw,r</ detfV'F^J = / detfV'L^J. (56) 

For the last equality, wc have used the fact that E has zero Lebesgue measure. 
At a point x in {w^ — ^we} there exists a ER and b in M.^ such that 

> {u — v){x) — e — We{x) — F^^(x) > — e, 

{u - v){z) - e = w,{z) > T,^Xz) > T^X^) + VF^^(a;) • {z - x). 
If VF^^ is differentiablc at x, then, by (13), (15) and the above, 

A{r^^ + v){x)<C, 

and 

F{x, (F^, + v){x) + e, V(F^, + v){x), V'(F^, + v){x)) > F{x, v{x), Vv{x), VM^))- 
Clearly, 

|F^,(x)|<e, |VF^,(x)|<^. 

Since V e C^{U), we have AF^^ < C-Av{x) < C. By the convexity of F^^, V^F^Jx) > 0, 
therefore 

|VX,(:r)| <C 

for some positive constant C independent of e and x. In the following C will denote 
various such constants. 

Thus, by (1) and the regularity of F, 

< F{x,v{x),Vv{x),V\r^^ + v){x))-F{ X, v{x), Vv{x), V^f (x)) + Ce 

Jo ^ dMij 

< -ldet{W'T^Sx)) + Ce. 

By a classical theorem of Rademacher, VF^y^ is differentiable almost everywhere. 
Therefore, in view of (56), 



f det(V'F^J < Ce^ 

J{«)6=r^Jn(Q\B) 
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This leads to a contradiction if we choose e very small from the beginning. Theorem 1.3 
is established. 

□ 

4 Symmetry of a singular solution 

In this section we give the 

Proof of Theorem 1.4. The proof follows closely arguments in [1], with Theorem 1.1 
as an additional ingredient to handle the possible isolated singularity of u at the origin. 
For < A < 1, let, with xx := (2A — Xi, X2, - ■ ■ , Xn), 

Ea := {x I \x\ < 1,X < xi < 1}, Tx := {x \ \x\ < 1, Xi = A}, 

ux{x) := u{xx), and wx '■= ux — u. 

We will prove that 

wx>0 in Sa \ {Oa} V < A < 1. 
Step 1. There exists | < Aq < 1 such that 

wx>0 in Ea V Ao < a < 1. 

Using (19) and (18), we have in Ea, for all | < A < 1, 

= F{x,u{x),Vu{x),VMx))-F{xx,u{xx),Vu{xx),VMxx)) 

< F{x, u{x), Vu{x), V^u{x)) - F{x, ux{x), Vux{x), V'^ux{x)). (57) 

By (17) and the fact that u is in C^{Bi \ {0}), there exists some positive constant Ci 
independent of A, and some functions {aij{x)}, {bi{x)}, c{x) satisfying, with I denoting 
the n X n identity matrix, 

< {aij{x)) < CJ, \bi{x)\ + \c{x)\ < Ci, in Ea, 

such that 

-aij{x)dijWx + bi{x)diWx + c{x)wx > 0, in Ea. (58) 

It is clear that wa > on dJ^x- Using the maximum principle for domains of small measure 
as in [1], we have wa > in Ea if 1 — A > is smaller than some positive constant which 
depends only on Ci and n. Step 1 is established. 
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Define 

A := inf{/i I < /i < 1, Wa > in Sa \ {0} V /X < A < 1}. 

Because of Step 1, < A < 1. 

Step 2. A = 0. 

Tliere are several cases to consider. 
Case 1 . i < A < 1. 

In tfiis case we argue exactly as in [1]. For e :j(| + A), | < |A — e<A<A, 
wx satisfies a uniformly elliptic inequality (58) in Ea as before, with ellipticity constants 
independent of A — though they may depend on e due to the possible singularity of u at 
{0}. By continuity, Wx > in E^. Since Wa > on dUx ^ -Bi, it follows from the strong 
maximum principle that Wa > in Ea. For < 6 small, let Ds be the set of points in Ea 
whose distance to its boundary is > 5. Then, in D^, Wx > a for some positive constant 
a. 

For < e < e small, ^A-e > oi/2 in Ds- Thus 

w-x-e>0 ond{E-x_,\Ds). 

For S and e small we conclude again, by using the maximum principle in domains of 
small measure as in [1], that 

Wx-e ^0 ill (^A-e \ ^s) ^ud heuce in E^_g, 
contradicting the definition of A. 

Case 2 . A = |. 

Observe first that by property (2), 

liminf > a > 0. (59) 

By continuity, Wa > in E^. Since u is small near (1, 0, • • • , 0), we deduce from (59) that 
for < p small, 

wx>a/2 in (5^(0A)nEA)\{0A}, VA-p<A<A. (60) 

For A — p < A < A, Wa satisfies a uniformly elliptic inequality (58) in Ea \ Bp{Ox) as 
before, with ellipticity constants independent of A — though they may depend on p. By 
the strong maximum principle, Wa > in E^^ \ Bp{Qx)- From now on p is fixed. 

As in Case 1, for 5 small, consider Ds — set of points in Ea whose distance to its 
boundary is > As before, 

Wa > in Ds- 
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By continuity, since Ds is closed, we have, for small < e < p, 

> in D^. 

This and (60) with A = A - e imply that w^-e > on \ {Ds U Bp{0-x-e)))- 

For e, 5 small, we have, since the region have small measure, 

which has small volume, and conclude that w^-e > there, and hence in \ {Ox_^}. 
This again contradicts the definition of A. 

Case 5. < A < |. 

Once more, > in \ {0^^} and wi> on (9S^ fl Bi. Since is in E^^ \ {0^^}, 
and Wx satisfies a uniformly elliptic inequality of the form (58) on any compact subset of 
\ {Oa}) t»y the strong maximum principle, > in E^ \ {0^}. 
Since inequality (57) holds in E^^ \ {Ox}, an application of Theorem 1.1 yields 

\immfwx(x) > 0, 

x—*0 

and so, in some ball i?2p(0x), p > 0, 

Wx> 01 in B2p{0x) \ {0\} for some a > 0. (61) 

For < X < X, wx satisfies a uniformly elliptic inequality of the form (58) in T,x\Bp{Ox) 
with ellipticity constants independent of A, though they may depend on p. From now on 
p is fixed. 

As before, for < 5 small, let be the set of points in E^; whose distance to its 
boundary is > S. We can take 6 > small so that the origin {0;^} is in the interior of Ds- 
Using (61) and the positivity of Wx in E^^ \ {0}, we have 

Wx> ^ in Ds \ {Ox} for some 7 > 0. (62) 

Now consider Ej^_^ for < A — e. 

By continuity and by (62), we have, for e small, 

w-x_,{x)>^/2 yxeDs\{0-x_,}. 

The above for x e {Ds n Bp{Ox)) \ {Oj} requires some explanation as follows. We write 

Wx-e{x) = Wx{x) +u{x) — u{x), 



28 



where x = (xi + 2e,X2,---,Xn)- For e small, x G i?2p(0x). So, by (62), and by the 
continuity of u in Ds, we have, for small e, 

= f^A(^) + ""l^) ~ '^(^) > Qi + u{x) — u{x) > a/2. 

Clearly, Wx-e > on d(T,x-e \ Dg)- As pointed out earlier, Wx-^ satisfies a uniformly 
elliptic inequality like (58) in \ Ds with ellipticity constants independent of e and 
5. Applying the maximum principle in the region, which has small measure, we conclude 
that Wx-f^ > there, and hence in T^x-e \ {Oa-e}- Contradiction. 

Step 2 is estabhshed. 

Since wx — ^ onTx, it follows from Step 2 that 

2^ = ^<Q, onT„VO<A<l. 

OX\ OXi 

namely, 

du 

— (x) < y X e Bi, < xi <1. 

ox I 

For < A < 1, we already know that t^A > in \ {Oa}. We also know that Wx is 
not identically zero since it is positive on dUx H Bi. Because of (57), we can apply the 
Hopf Lemma to wx to obtain 

^ < 0, on Ta, V < A < 1, 
ox I 

namely, (20) holds. Theorem 1.4 is established. 



5 Proof of Theorem 1.5 

In this section we give the 

Proof of Theorem 1.5. It is similar to that of Theorem 1.2. Shrinking Q slightly, we 
may assume that u > v on Q\ {0}, u e C^(Q \ {0}), and v e C^(Q). We prove the 
theorem by contradiction. Suppose the contrary, then (36) holds. 
Fix some < a < 1. Let 

Ve{x) = v{x) + elxl"*"^". 

Similar to Lemma 2.2 we have 
Lemma 5.1 For e > 0, 

A(e) := - inf (u - Ve) > 0. 



Proof. We prove it by contradiction. Suppose not, then, for some e > and C > 0, 

u{x) > Ve(x) > e|a;p+" + 'f;(0) + Vv(0) • x - C|x|^ x e Q \ {0}. 
For small r > 0, 

min [u(x) - Vv{0) ■ x] > v(0) + er^+" - Cr^ > 'f;(0) + -r^+". 

xedBr 2 

On the other hand, in view of (36), 

inf [u(x) - Vv(0) ■ x] < liminfbra;) - Vv(0) ■ x] = v(0) < v(0) + ir^+". 

a;eBT-\{0} a;— >0 2 

The above contradicts to condition (2). 

By Lemma 5.1, there exists G \ {0} such that 

li-Cg > in Q\{0}, {u - v^){xe) ^ 0, 

where 

Ve{x) := v,{x) - A(e) = v{x) + e|x|^+" - A(e). 
Using the positivity of it — in Q \ {0}, we obtain 

< A(e) — —{u — Ve){xe) — v{xe) — u{xe) + e|a;e|^^" < e\x, 

and 



lim \Xf\ — 0. 

We will show that 



e-*0 ' ' 



A calculation gives 

V'^v^x) - V'^v{x) 
= (1 + a)eO{xf (diag{a\x\''-^ , • • • , + 0(1)) 0{x), 

where 0{x) are orthogonal matrices. 
At Xg, using (63), 

\L{x,,v,^v) - L{x,,v,,Vv,)\ < C{\Vv-Vv,\ + \v - v,\) < Ce|x,|". 
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It follows, for e > small, that 

A^ixe) > A^^{xe) + a{l + a)e\xe\°'~^I - Ce|x,|°7 > A^^{xe). 

Since ^^(a;^) is in ^'^^'^ \ U, so is A^^{x,) — due to (25). 

Since x^ is an interior local minimum point of u — Ve, we have 

u{Xe) — Ve{Xe), '\/u{Xe) — Ve{Xe), V^ii(Xe) > W^Ve{Xe). 

Thus 

A^^{x,) > A^'ix,). 

Since A"(Xf) e U, we know from the above, in view of (25), that ^"^(xg) e U. This 
violates (64). Theorem 1.5 is estabhshed. 

6 Proof of Theorem 1.6 

In this section we give the 

Proof of Theorem 1.6. It uses arguments in the proofs of Theorem 1.2 and Theorem 
1.5. 

We start with the first paragraph of the proof of Theorem 1.2. Fix some constant 
< q; < 1. For x close to 0, we have, for some constant C, 

_ c|x'f < d{x)^+^ = dist{x, Ef+'^ < -^\x'\^+'' + C\x"\\ 

We only prove the left inequality. From (51) we have 

\x\ < d(x) +C|x'f , 

so 

Jl\2 \ 1+" 



< rf(a;)^+" 1 + C( 



d{x) 



( |™//|2 I //|2 \ 

< d{xf^'^ + Kd{xY\x"f + i^lx'f (^+") 



which yields the first inequality. 
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Let 

v^{x) = v{x) + ed(a;)^+". 

Claim. Lemma 2.2 holds with the above v^. 

To prove the claim, we only need to follow the proof of Lemma 2.2 with modification 
as below: 

1. In the first displayed formula, change "erf(a;)" to "e(i(a;)^''""" , and change "||a;'|" to 

"€ I /|l+a5) 

2 1 I 

2. Change "0 < a < min{f, e/4}" to "0 < a < min{f, (e/4)i-")}". 

3. In the next two displayed formula, change the two to "4^^", and one 

4. In the 4th and 5th hues below, change "M = ^ V^m" to "M = ^2;^ V^m" , and 

change = • • • = 4 = to "<5i = • • • = 4 = ^°""f+^^ " • 

Given the claim above, we have, as in the proof of Theorem 1.2 for k = n — 2, (47) for 
some Xe & fl \ E, where 

v,{x) := v,{x) - A(e) = v{x) + eci(x)^+" - A(e). 

Using the positivity oi u — v in D, \ E , we obtain 

< A(e) = -{u - v,){x,) = v{xe) - u{xe) + e(i(a;,)^+" < ed(a;,)^+", (65) 

and 

\imd(Xf) — 0. 

We will show that 

Since x^ is an interior local minimum point oi u — v^, we have 
Thus 

A^^{x,) > yl"(x,). 

By the result in Appendix A, 

V'^Veix) - V'^v{x) 

= (1 + a)eO(xY {diag{0, • • • , 0, ad(x)''-\ d(x)''-\ • • • , d(x)"-^) + 0(1)) 0(x),(66) 
where 0(a;) are orthogonal matrices, and there are k zeros in the diagonal matrix. 
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At using (65), 

|L(xe, V, Vv) - L{xe, v„ Vve)\ < Ci{\Vv - Vv,\ + \v- v,\) < Cied{x,y, 

where Ci > is some constant independent of e. In the following we use {Cj} to denote 
various positive constants which are independent of e. 
Since d{x^) and a < 1, we have 

- > A^'ixe) - A^^{xe) > N, (67) 

where 

N := aeO{x,Y (diag{-C2, -C2, d{xe)''-\ d{xe)''-\ dix,)""-^)) 0{xe). 
Since ^; is in Jl, 

M := i"(x,) < A"{x,) ~N < i^(x,) + aCaeJ < C3I 
Let S — ^(Ca) and e = ^{Cs) be the positive numbers in Property Pk, and let 

N := ^0{x,y (dtag{-S, ■ ■ ■ , -S,l, ■ ■ ■ A)) 0{x,). 

Since M = ^"(xj e U, we know from Property Pk that M + A?" e [/ for small e > 0. 
For small e > 0, d{x,)''~^> C2/5, so N > N. 

By (67) and the above, A^^^x,) >M + N>M + N. Since M + N e U ior small e, 
we have, and in view of (25), A"{xe) € U for small e. This violates (31). Theorem 1.6 is 
established. 

□ 

About Remark 1.9. 

For (ii): Let A/" C 5"^" denote the set of matrices whose eigenvalues consist of k zeros 
and n — k I's. We know that Af C U. Since is compact, there exists some positive 
number 5 such that n5— neighborhood of Af belongs to U. Consequently, A^ G ?7 if its 
eigenvalues consist of k —S s and n — A; 1 s. For M G U, we know that 2M G U, since 
U is invariant under multiplication by positive constants. Similarly, 2eA^ G U for any 
< e < 1. By the convexity oiU, M + eN = \{2M + 2eA^) G U. 

For (iii): It is easy to see that such Ui satisfies (ii). 

For (i): For any M e dU, M < CI, there exists some a = a{M) > and /3 = (5{M) > 
such that ii M e dU, \M - M\ < p, then 

M + a0^diag{-S, ■ ■ ■ ,-S,l,- ■ ■ ,1)0 e U, W < 6 < /3, 
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where there are k —5's and n — k I s, and O £ 0(n + 1) is an orthogonal matrix. By the 
convexity of U, we have 

M + e0^diag{-S, ■ ■ ■ , -S,l, ■ ■ ■ ,1)0 e U, V < (5 < /3, < e < a. 

By the compactness of dU n {M < CI}, there exist 5 > and e > such that 

M + eO*diag{-S, ■ ■ ■ , -S,l, ■ ■ ■ ,1)0 e U, V < 5 < 5, < e < e. 

7 Appendix A 

For n > 1 and < A; < n — 1, let ii^ be a smooth compact A;— dimensional submanifold in 
M", and let 

d{x) := dist{x, E) := inf{|x - y\ \ y e E}, x G K", 

denote the distance function from x to E. For x E R"' \ E close to E, we use V^d(x) to 
denote the Hessian of d{x). 

Lemma 7.1 Let E G M."' be as above, and let G be a smooth one variable function, 
G{x) = G{d{x)). Then there exists some matrix valued function 0{x) e 0{n) such that 

0{xy{V'^G{x))0{x) = diag (o, • • • , 0, G"{d{x)), d{x)-^G'{d{x)), d{x)-^G'{d{x))) 

+0{d\G"{d)\ + \G'{d)\), asd{x)^0, (68) 

with k zeros in the diagonal matrix. 

Proof. For x close to E, there exists a unique x — x{x) G E such that d{x) = \x — x\. 
Without loss of generality, we may assume that a; = 0. Then d{x) = \x\. We may 
also assume that TqE, the tangent space of E at 0, is spanned by Cn-k+i, ■ ■ ■ , e„, where 
ei = (1, 0, • • ■ , 0), • • • , e„ = (0, • • • , 0, 1) arc the standard basis of M". Fixing a smooth 
local orthonormal frame {ei(p), • • • , €n-k{p)} of the orthogonal complement of TpE, the 
tangent space of E a,t p e E, there is a unique representation of x G near given by 

X = p{x) + Lpi{x)ei{p{x)) H h (pn-kix)€n-kipix)) 

where and p are smooth functions near 0. 

We may also assume that ea{0) — Ca ior 1 < a < n — k. Clearly 

(/?„(0) = 0, V(/Pa(0)=e„, l<a<n-k, (69) 



Near 0, 

n—k 
\ a=l 

By chain rule, 

dijG{x) = G"{d{x))did{x)djd{x) + G'{d{x))dijd{x). 

A calculation gives 

did = d'^J^^ocidiifa), 

a 

dijd = -d~^ VaVf3{diipa){dj(pp) + d~^ J2(^i^<^)(^jV'^) + ^'^ J2 VaidijCPa)- 

Using (69) and the fact |<^a(2^)| < d{x), we have, as 0, that 

did{x)djd{x) = 0{d{x)), if max{i, j} > n — k, 

did{x)djd{x) — d~'^ipiipj + 0{d{x)), ^ < i, j < n — k, 

d{x)dijd{x) — 0{d{x)), if max{i, j'} > n — k, 

d{x)dijd{x) = Y{di(pa){dj(Pa) - d'"^ Y^{ipi3dj(pj}){(padi(Pa) +Y^a{dij(Pa) 

= Sij — d~'^ipiipj + 0{d{x)), i < i, j < n — k. 

Since the {n — k) x (n — k) matrix (d^^LpiLpj) has eigenvalues and 1, with having 
multiplicity n — k — 1, (68) follows immediately. 

8 Appendix B 

Lemma 8.1 Let M e 5"^", l<k<n, then 

k k 

^A,(M) = min{^e*Me, | q e M",e*e,- = Sij}. 

i=l i=l 



Proof. There exists orthonormal basis {Ei}"^^ such that 
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Clearly 

Y^ElME, = J2\,{M)ElE, = J2HM). (71) 

i=l i=l i=l 

Let {e}|=i satisfy ejej = Sij. There exists O e 0(n) such that 

n 

ei = ^OijEj, l<i<k. 

Thus 

k 

i=l 

= E E E o,,EpuMEi =j:j:f: o^pu^mEp^ =j2j: oi\{m) 
i=i j=i 1=1 i=i j=i 1=1 i=i j=i 

k k n k 

> Ev^)(Eo5)+A,(M)( 5: 

j=l i=l j=k+l 1=1 

Since O eO{n), 

n k k 

EEoS = ^, EoJ<i- 

j=l i=l i=l 

It follows that 

k 
i=l 

> E + i: A.-(M)(x: - 1) + Xk{M){k -EE oj) 

j=l j=l i=l j=l i=l 

Jc }\ J\ Jc fc 

> E A,(M) + i: A,(M)(E Oj - 1) + X,iM)ik - E E Oj) = E Ai(M). 

j=l j=l i=l j=l 1=1 j=l 

Lemma 8.1 follows from this and (71). 

Lemma 8.2 Let n > 2, 1 < k < I < n, < 5i < {I - k)/k, 1 <i < k, and M e 5"^". 
Then 

Ai(M -£)) + ■■■ + \i{M -D)< Ai(M) + • • • + Ai(M), 
where D = diag{l, —Si, ■ ■ ■ , —Sk). 



Proof. There exists orthonormal basis {Ei} of such that 

MEi = Xi{M)Ei, l<i<n. 

By Lemma 8.1, 

j^KiM -D)< j^EliM - D)E, = E A.(M) -J^EIDE,. 

i=l i=l 1=1 1=1 

Let ei = (1, 0, ■ • •), • • •, e„ = (0, • • • , 0, 1) be the standard basis. We know that 

Dem ^ em, 1 <m <n - k; Dem = -5m~{n-k)eni, n-k + l<m<n. 
There exists O e such that 

n 

-Bj = XI ^iJ^j^ 1 <i <n. 

It follows that 

i=l i=l j=l m=l 

I n n—k I n n 

1=1 j=l m=l 1=1 j=l m=n— fe+1 

Z n—k I n 

i=l m=l 1=1 m=n— fe+l 

Since O e we have 

n I 
m=l i=l 

Thus 

I I n In I n 

i=l i=l m=l 1=1 m=n—k+l i=l m=n—k+l 

> I - k - (^-^)k ^ 0. 
k 

Lemma 8.2 follows from this and (72). 
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9 Appendix C. Proof of Proposition 1.1 

For the sake of exposition, we first prove the result for A; = —1, then for k — 0, and finally 
for A; > 1. 

The proof for k = —1. For any e > 0, let u^{x) := u{x) — e\x\'^. Since XiiV'^u^) = 
Ai(V^'u) — 2e < — 2e < 0, we easily see that the minimum of can only be attained 
on dQ. Indeed, if is a minimum point of in Q, then V'^u^{x^) is a semi-positive 
definite matrix, violating Ai(V^'Ue) < 0. Sending e to yields min^-u = ming^w. 

The proof for A; = 0. For simplicity we assume that E contains only one point, say {0}, 
in Q, since the proof requires only some modification when E consists of finitely many 
points; see the proof for A; > 1. Let 



u := u — inf u. 
n\{o} 




(73) 



inf M = (5 > 0. 
an\{o} 



Let r = 6diam(Jl). For any e > small, let 



K{t) := 1 




e < r < r; 



h^{x) := K{\x\). 



Clearly, 



he{e) = 0, 



heif) <lVe<r<r, 




1 



>0, 



e < r < r. 




1 




<0, 



e < r < r. 



r 



h'ir 



1 
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For X & fl \ B^, the n eigenvalues of V^^g are, with r = \x\, 

r r 

i.e. 

Xi{V%{x)) = Kir) < 0, X2{V%{x)) = • • • = Xn{V%{x)) = ^ = -h';{r) > 0. 

r 

Since 

Ai(V'(5^,)) + A2(V'(5/i,)) =0 in Q \ S„ 

and 

XiiV'^u) + X2{V^u) < in Q \ Se, 

we have, 

Ai(V2(ii - Sh,)) = Ai(V^ii - V^(5/ie)) < 0, in Q \ B,. 

Indeed if the above does not hold, then V^it — V^(5/ig) is a positive definite matrix, 
and therefore Ai(V^-u) > Xi{V'^{5he)) for every In particular, Ai(V^it) + X2{V'^u) > 
Ai(V^((5/ie)) + A2(V^(5/ie)), which leads to contradiction. 
Thus, by Proposition 1.1 for k = —1, 

u — 5hf > inf (it — 5hf) > 0, in Q \ B^. 

- d{Q\B,y ^/ - ' \ ^ 

Now, for any x & fl\ {0}, we have, from the above, that 

u{x) > Sh^{x), V < e < \x\. 

Sending e to leads to u{x) > S, i.e. u > S on Q \ {0}. This violates (73). Proposition 
1.1 for A; = is established. 

Now 

The proof for A; > 1. Let 

:= -lns + ln(-lns), < s < 1, 

g{x) := g{d{x)/r), xen\E, 

where d{x) := dist{x,E), and f > 9 diam{fl) is some large positive number whose value 
will be determined below. Clearly 

g'(s) = -s-^ + s-\lns)-\ g"{s) = s"" - ^-^(Ins)-^ - s-\lns)-\ 
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and, in view of Lemma 7.1, for some matrix valued function 0{x) e 0{n), 

{f')0{xy{V^g{x))0{x) = diag (o, • • • , 0, /(J), d'^g'id), • • • , d-'g'{d)) 

+0{l){f\g'(d)\+dg"{d)\), 

where d = d{x)/f, |0(1)| < C for some constant C depending only on ii^ — it is in 
particular independent of f. Note that there are k zeros and n — k — 1 of d^^g'{d) in the 
above diagonal matrix. Thus, for x close to E, 



n\{-V'g{x)) = 



' -d-^ + d-^{lnd)-^ + d-^{lnd)-^ + 0{l)fd~\ i = l, 

oll)fd-\ 2<z<k + l, 
J-2 - d-^{\nd)-^ + 0{l)fd-\ k + 2<i<n, 



and therefore, for some small number r e (0, h) which depends only on E, 



k+2 



K{-y^g{x)) = d{x)-\\iid)-^ + 0{l)diam{Q)] > 0, V J < f. (74) 



=1 



To guarantee d < r for all x in Q \ E, we only need to choose from the beginning 
f > diam{fl) / r . 
Let 



Then 



u :— u — inf u. 

n\E 



inf ii = 0. (75) 

D.\E 



We need to prove that 

inf u = 0. 

da\E 

We prove it by contradiction. Suppose the contrary, then 



inf u^6>0. (76) 
dn\E 



For r = (f) ^diam{Q), let 

gm) 
nr-) 

Then, for E, := {x e M" | d{x) < e}. 



h^ = on dE„ < 1 on 17 \ E^. (77) 
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By (9) and (74), 

k-\-2 k-\-2 

E^^V'^i) <0< 5]\(V%), mn\E,. 

i=i i=i 

It follows that 

Therefore, in view of (75), (76) and (77), 

ii — She > inf (u — 6he) > 0. 

Now, for any fl\E, we have, from the above, that 

u{x) > 5he{x), V < e < d{x). 

Sending e to leads to u{x) > 6, i.e. u> 6 on fl\E. This violates (75). Proposition 1.1 
is estabhshed. 



10 Appendix D. Some properties of viscosity 
/c— superafRne functions 

We give an extension of Proposition 1.1. As always, we order the eigenvalues of a 
function (p as 

Ai(VV)<A2(VV)<---<A„(VV)- 
Recall that we use Ak{^) to denote the set of viscosity fc— superaffinc functions on a 
bounded open set fl of R", and use LSC{fl) to denote the set of lower semi-continuous 
functions in Q. 

Theorem 10.1 For n > 2, < k < n — 2, let E be a smooth closed k— dimensional 
manifold in R" and C K" 6e a bounded open set. Assume that u e Ak+2iP' \ E). Then, 
after setting, for y & E, u{y) :— limmix^yu{x), u e ^i(Q). 

Theorem 10.1 is somewhat sharp, as explained below. 

Definition 10.1 For n > 1, < A; < n — 2, < a < 1, let VL d he an open set, and 
let u e LSC(Q) satisfy (12). We say that u e A+i,a(^) if: 

ip e C^(r2), (p < u, in f2, and (p{x) = u{x), for some x G il 

implies 

Ai(VV) + • • • + Afc+i(VV) + aAfe+2(VV) < 0, at x. 
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Clearly 

^fc+i,o(^) = Ak+i{^), Ak+i,i{^) = Ak+2{^), 

and 

Ak+2i^) C Ak+i,bi^) C Ak+i,ai^) V < a < < 1. 
For u e C^{fl), u e Ak+i,aiS^) means 

Ai(V^w) + • • • + Xk+iiV^u) + aAfe+2(V^ii) < in Q. 



The following example shows that in Theorem 10.1 assumption u e Ak-^2{^\E) cannot 
be replaced by ti e Ak+i,aiS^ \ {0}) for any < a < 1. 

Example 10.1 (i) Letn>2,k^0 and E = {0}. For any Q < a <l, let u{x) = 
Then u'{r) = (1 - a)r-" > 0, u"{r) = -a{l - a)r-^-" < 0. u'{r)/r = (1 - a)r-^-". 
6y Lemma 7.1, the eigenvalues ofV^u are 

-a(l - a)r-^-" < (1 - a)r-^~" = • • • = (1 - a)r-^-". 

Ai(V^m) + aA2(V\) = «n5i\{0}. 

But u does not belong to ^i(-B) since ■u(O) = < ■u(l) = 1. 

(^u^ For n > 'i, 1 < k < n — 2, we write x = {x',x") G M" wi/i G M"^^ and 
G M*^. Let D, — Bi be the unit ball in M", and let E be a k— dimensional smooth closed 

manifold satisfying E n B2 = {x = {x',x") \ x' — 0, \x"\ < 2}. For any < a < 1, let 

u{x) = \x"\^~"-~'' + e^|a;'p where e > is some small number to be specified below. Then 

the eigenvalues of V^u in Bi\E are 

r -(a + e)(l-a-e)|x"|-i-«-^ i = 1, 
Xi{V\) = i 2e2 2<i<k + l, 

[ (1-a - e)|x"|-i-"-^ k + 2<i<n. 

So u e C^(-Bi \ E) and, for small e> 0, 

Ai(V^m) + ■ ■ ■ + Xk+i{V\) + aXk+2{V\) 
= -e{l-a-€)\x"\-^-''-' + 2ke^ <-€{l-a-€) + 2k€'^ <Q in Bi\E. 

But u{Q) = < = minw. 

dBi 
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The following two simple lemmas give an equivalent definition of super-affine functions. 

Lemma 10.1 For n > 1 , let Q G K" be an open set, and let u G Ai{VL). Then for every 
open subset D satisfying D G fl, and for every V e R"', w{x) := u{x) + V ■ x satisfies 

minw = minw. (78) 

D dD 

Proof. Since u e LSC{D,), it is clear that both ini^u and idIqd u are achieved. We prove 
(78) by contradiction. Suppose not, then for some D and for some V, 

— oo < min(-u(x) -\-V ■ x) < mm{u{x) + V ■ x). 

x&D x£dD 

Let 

u{x) :— u{x) + V-X. 

Then u e Ai{fl), and 

5 :— min u > min it ~, say, 0. (79) 

dD dD ' ^ ^ 

Since D is bounded, there exists some constant e > such that 

5 S 

ekP + T<-, MxgD. (80) 
''42 

Let 

^a{x) := e\x\^ + a. 
For very negative a, < it on £). Let 

a :— sup{a | < it on D}. 

By (79) and (80), 

niin('u — If a) — 0, a < 0, and k — > t > on dD. 
D 4 

It follows that for some x E D, 

{u - (pa){x) = niin(M - (pa) = 0. 

D 

With the above, we can easily find a smooth (f satisfying 

{u-(f)>Om n, {u - (p){x) = 0, VV(^) = VVa(^) = 2e/ > 0. 
Since u is in Ai{^), we have 

Ai(VV)(^) < 0. 
This is a contradiction. Lemma 10.1 is proved. 
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Lemma 10.2 For n > 1. let Q G M."' be an open set, and let u G LSC{VL) satisfy (12); u 
is hounded below. If for every x G Q, there exists some < e < dist{x,dQ) such that for 
every < e < e, and for every V G M", w{x) :— u{x) + V ■ x satisfies 

mill w = min w, 

then u G Aiip). 

Proof. We prove it by contradiction. Suppose that u is not in Ai{0), then for some 
</? G C^(Q), some X G Q, we have 

(p <u, in Q, ip{x) = u{x), Xi{V'^ip{x)) > 0. 

For X close to x, 

(p{x) > (p{x) + V(p{x){x — x) + -Ai(V^<^(a;))|a; — x\'^. 

Thus, for small e > 0, and for V :— V(/?(x), 

u{x) — V-x>_ (p{x) — V ■ X > (p{x) — V ■ X, V X G dB^{x), 

while 

u{x) — V-x — (p{x) — V-x. 

This imphes 

min {u{x) — V-x) < min_ {u{x) —V-x). 

x&Be{x) xedB^{x) 

A contradiction. 

Lemma 10.3 For 1 < k <n, if u e Ak{^) and v G C^(f)) satisfies 

Ai(V^w) H h Afc(V^u) > inn, 

then 

u-v e Ai{fl). 
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Proof. Suppose not, then for some u e Ak{^) and some v e C^{fl) satisfying 

Ai(V^^;) + • • • + Afc(V^'t;) > in Q, 
u — V is not in Ai{fl)}. Then for some if G C^{fl), some x E fl, we have 
(p < u — V, in Q, = — Ai(V^</?(x)) > 0. 

Since u G ^fe(f2)}, it follows from the above that 

Ai(V'((/? + v){x)) + ■■■ + Afe(V'((/? + v){x)) < 0. 
Since V^ip{x) is positive definite, we arrive at 

Ai(V'v(x)) + • • • + Afc(V'v(x)) < 0. 

this is a contradiction. 



Proof of Theorem 10.1. We prove it by contradiction. Suppose the contrary, then, 
there exists u G Ak+2{^ \ E), but, after setting u{y) :— liminfa;^^ ^(a;), u does not 
belong to Ai{0,). By Lemma 10.2, there exist x G il, > 0, — > 0, Vi G M", such that 
Wi :— u{x) + Vi • X satisfies 

min Wi < min Wj. (81) 

Since u G Ak+2{^ \ {0}) C v4.i(n \ {0}), we must have x = 0. 
Let 

- Ins, if k = 0, 

-Ins + In(-lns), if 1 < A; < n - 2. 



It was proved in Appendix C, see (74), that for some small positive constant /? 

gix):^gidix)/(3), xen\E 

satisfies 

g{x)>0, ^A,(-V2^(x)) >0, yxefl\E. 

i=l 

Fixing some i = i for which (81) holds, and denote f = ej, and 



Clearly, u e Ak+2{Br \ E), and 
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inf;'}, = 0, (82) 

Br 



u> S :— min u — min Wr — inf Wj= > on dBf. 

OBr OBf Bf 

For any e > small, let 

9(4) ■ 

Then (77) holds for := {a; G K" | (i(a;) < e}. 
By the property of g, 

Xi{V%) + ■■■ + Xk{V%) > 0, in Br \ E,. 

Thus, by Lemma 10.3, u — E Ai{Bf \ E^) It follows that 

u — 6h. > inf (u — 6h.) > 0. 
- a{Br\E,y ' - 

Sending e to leads to -u > 5 on \ E'. This violates (82). Theorem 10.1 is established. 

11 Appendix E. Proof of Lemma 1.2 

Proof of Lemma 1.2. Suppose not, then there are n + 1 vectors Po,Pi, • ■ ■ iPn satisfying 
(34) with pi — po, ■ ■ ■ ,Pn — Po linearly independent. 

After a linear transformation of variables, and adding a linear function to — this 
preserves (2) — we may assume that 

Po = 0,pi = ei, • • = e„, 

where ei = (1, 0, ■ ■ ■ , 0), 62 = (0, 1, 0, ■ ■ ■ , 0), etc. 
So 

u{x) > o(\x\) and u{x) > Xi + o(|a:;|), i = 1, • • • , n. (83) 

Consider 

1 " 

w — u(x) — Xi. 

Claim : 

w{x) > —\x\ +o(|a;|). 
2n 
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This would then contradict (2). 

Proof of Claim : Consider any x near the origin. Suppose, say 



Xi, - • ■ ,Xk are positive, Xk+i, • ■ • ,Xn are < 0. 



Then 



- 2^^''''2^^ ^. + o(W), by (83) 

1=1 i=fc+l 

> ^W + o(W). 



□ 



Under the assumption of Lemma A, see (34), either P = or P contains only one 
element. However, this would not be true under the assumption of Lemma 1.2, as shown 
by the following example. 



Example 11.1 In M", n>2, take 

u{x) = max{0, xi} 

Then 



0, xi < 0, 
Xi, Xi > 0. 



P = {cei I < c < 1}, 

where P is defined as in Lemma 1.2 and ei = (1,0, ••■,0). Clearly, u G v4„_i(m") C 
A(K"). 

Here is another example. 

Example 11.2 For 1 < k < n, let 

u{x) — max{0, xi,---, Xk}. 

Then 

P = {ciei H h Cjtefe | < q < 1}. 

Since u is a function of k variables only, u e An-k{^) C Aii^). 
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12 Appendix F 

Let Q C be a bounded domain, and let u e Llg^{Q) satisfies, for some constant C, 

Au<C in O (84) 
f |yP is superharmonic in ^,^aB,(x)W{y) - f i 



in the distribution sense. Then u{y) — is superharmonic in ^,^QBr(x)['^iy) ~^\y\'^]^y 



and^Q^^^^[u{y) — ^\y\'^]dy are nonincreasing functions in r in (0,dist{x,dQ)). It follows 
that 



u*(x) := lim -f u= lim -/- m G (—00,00], a; G O, 

r->0+ 7 B^(a;) r-*0+ J dBr{x) 

satisfies 

ii*(a;) = liminf M*(y), x G 
and, by a classical theorem of Lebesgue, 

u* = u, a.e. in fl. 
We call u* the canonical representative of u in O,. 

Lemma 12.1 Let E <Z fl be a closed subset of zero capacity. Assume that u G Llg^{fl\E) 
satisfies, for some constant C , 

Am < C in VL\E in the distribution sense, (85) 

and 

inf u > —00. 

n\E 

Then u G Lig^{VL), and 

Aw < C in ft in the distribution sense. 



Proof. We may assume that u is the canonical representative in fl\ E. Subtracting a 
quadratic polynomial from u, we may assume without loss of generality that C = and 
u> in Q\E. Since E has zero capacity, there exists a positive harmonic function h in 
Q\E satisfying 

lim h(x) — 00; 

dist{x,E)^0 

see [8]. 



48 



For constants e > and M > 1, consider 

UM,e '■— niin{ii + eh, M}. 

Since m > and h{x) tends to infinity as x approaches E, UM,e = M in a neighborhood 
of E. Thus 

AitM,e < in in the distribution sense, (86) 

and, for almost all x in fl\E, and for every < r < dist{x, dfl), 



UM,e{x) > f UM,e- 

J Brix) 

Sending M to infinity, and then e to zero, we obtain, using the Fatou theorem, 
u{x) > 4- u, a.e. X E il\ E, < r < dist{x, dil). 

J Br(x) 

Since u e Ljg^{n \ -E'), is finite a.e. in Q \ Therefore we have u e Ljg^{Q). By (86), 

I^umAv < 0, V e C~(Q), > 0. 

Sending e to zero, then M to infinity, we have, using the Lebesgue dominated convergence 
theorem, 

/ ?iA(/? < 0, V e C'f'(Q), ip>Q, 

J O 

i.e. (85) for C = 0. Lemma 12.1 is established. 

□ 

Definition 12.1 u is called quasi- superharmonic in fl if u & Ljg^{D,) satisfies (85) for 
some constant C. 

In the following, if u is quasi-superharmonic in Vl, we work with its canonical repre- 
sentative in Q, and still denote it by u. 

We establish the following improvement of Lemma A. 

Lemma 12.2 Let u he quasi-superharmonic in Vt, and let u) he a non-negative non- 
decreasing continuous function on (0,2(i), d — diam{fl). Assume that u satisfies, for 
some x,y & and p,q & IR", 

u{y) > u{x) +p-{y-x)-\y- x\uj{\y - x\), y e il, (87) 
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and 

u{y) > u{y) + q-{y- y) - \y - y\uj{\y - y\), y e n. 
Then, for some constant Ci depending only on n, 

\p - q\ < Ciu{2\x - y\) + Ci\x - y\. (89) 



Lemma 12.2 follows from the following more general lemma, which is used in the proof 
of Theorem 1.3 (see the proof of Lemma 3.1). 

Lemma 12.3 Let u he quasi- superharmonic in Q., and let uj he a non-negative non- 
decreasing continuous function on (0, 2d), d :— diam{D,)). Assume that u satisfies, for 
some x,y & fl, x ^ y, and p, q in K", that 

u{y) > u{x) +p - {y-x)-\y- x\uj{\y - x\), y eVt, 

and 

u{z) > u{x) -\- p ■ {y — x) — \y — x\u!{\y — x\) -\- q ■ {z — y) — \ z — y\u!{\z — y\) , \/ z e Q. (90) 
Then, for some positive constants Ci and C2 depending only on n, 

\p-q\< Ciu;{2\x - y\) + C-2C\x - y|. 



where C is the constant in (84). 

Proof of Lemma 12.3. Working with u{z) = u{z + x) — [u{x) + p ■ z\ instead of u{z), 
we may assume without loss of generality that a; = 0, m(0) = 0,p = 0, y ^ 0, q ^ 0: 

u{z) > -\z\u;{\z\), zefl, (91) 

u{z)>-\y\uj{\y\) + q-{z-y)-\z-y\uj{\z-y\), ^ z e fl. (92) 

By (91), 

u{z) > -2\y\iu{2\y\), V < |^| < 2|^|. (93) 
For I2; — y| < ^\y\, we deduce from (92) that 

u{z) > -\y\uj{\y\) + q-{z-y)- J|^|a;(^|^|) > -2|^|u;(2|^|) + q- {z-y). 
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It follows that 

u{z) > -2\y\u;{2\y\) + ^\q\\y\, V z G (S2|,-|(0) \ %|/2(y)) n U, (94) 

where 

U -.^{zer" \q-{z-y)> -\q\\z - y\}. 

Since {B2\y\{0)\B\y\/2{y))nU is a subset of i?2iy|(0) of measure > \y\^/Ci for some positive 
dimensional constant Ci, and since u{x) — is superharmonic by (84), we deduce 

from (93) and (94), in view of the mean value theorem, that 

= u(0) = / Ux) - ^\x\A > -2\y\u;{2\y\) + ^\y\\q\ - C^Clyl' 

J B2|s|{o) \ 2n J Ci 

It follows that 

\q\<CMm)) + C2C\y\. 

Lemma 12.3 is established. 

□ 

Proof of Lemma 12.2. Taking y = y m (87), and using this to substitute for u{y) in 
(88), we have (90). Thus (89) in the case x ^ y follows from Lemma 12.3. 

Now we discuss the case when x — y. Replacing u{y) by u{y) — [u{x) + p ■ [y — x)], we 
may assume without loss of generality that x — y — p — and q ^ 0. So we have 

u{y) > -\y\u{\y\), y e Cl, 

u{y)>q-y-\y\^{\y\), y E n. (95) 

It is easy to see that for some large constant a > 1 independent of e, 

We{y) := Q;a;(Q;|7/| + ae) 

satisfies 

\y\^{\y\) < e|g| + e^(e) + \y - eq/\q\\uJe{\y - eq/\q\\). 
It follows from (95) and the above that 

u{y) > -\y,\uj,{\y,\) + q ■ {y - ye) - \y - ye\i^e{\y - z/e|), y e 

where y^ = eq/\q\ ^ 0. We can apply Lemma 12.3, with y — y^, to obtain, for some 
constants Ci, C2 depending only on n, 

\q\<CiLU,{2\y,)+C2C\y,l 

where C is the constant in (84). Sending e to zero in the above leads to \q\ < Cia;(0). 
Lemma 12.2 is established. 

□ 
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